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SPACE-CHARGECALCULATION FOR BCYCHED BEAMS WITH 3-D ELLIPSOIDAL SYMMETRYm

R. W ~arnett and T P Wangler
be Alamos National Laboratory, Los Alamos, NM 87545

A motliod for calculaung 3.D gpaca charqo forces has been

developed that u sutsble for bunched beams of either Ions or

rol~tivuqc electrons, The method M based on t~e analytic relitions

botwean charge. denmty and elecmc tialds for a dmtrlbuuon with J.

D cllipamdal symmetq in reml space. AL each step we uao s

Fourw.serm representation for the smooth psrtlclo.dwzslty

function obmmed from [ho discrtbutlon of the rnacroparucles being

tracked through the elements of the system. The resulung smooth

aleccrlc field reduce Lhe problem of noise from arLficlal collisions,

assocmwd wlLh small numbers of (nterncttng macroparttclea.

Ezamplo calculatlona WIII ba shown for comparlmn with oLher

mathoda,

[, [STRODUCTION

The repulalve space .charge forces In charged parucle beams

are reoponalbl~ both for increased de focualng and for growth of tho

rmaam~c~ncen. For Intense. hlqh. brl~htncss baama t’rom rf Ilnaca,

it, IS lmpor~[,t to develop bettor methods for calculaLlng thoso

et%cta. The main I Inlque used la M numerically follow tho orblu

of M Iargo number Jf repramntatiua macro particlea In their self.

conam~nt fiolda,

[n prlnciplo tho space.charge forces In a numer~cal almulatlon

ofa charncd psrtlclo beam can be c~lculatod by summing over tho

coulomb I,ltasctlona b~twcan point macro partlclos, In practlco

this stralghtiorward method (ails bocauao 01’ :ha artltlclnlly Iargo

collmlona tha L octur. bocauac d’ both the enhanced charqe of tho

macropartlclea and the artLficlally CIOSOencoun~rs reaultlng from

the 9top. by. aL~p numerical Integration wtth a flnl LOstep ~ize,

Several methods have hoen dovelopcd M calcula~ ~pace.

charge Iorces In Ilnac baama, Subroutine SC HEFFI 11 uaea a

purmcle In cell IPIC~ method in which a 21D rz mesh la

suporlmposod or, tk,o bunch, This method rasulw In ● set of sourca

rings from which the space .chsrg~ forces are calculated ●t dmcreto

rz meatr potn~, A dlaadvuntags of thla rnathod II that IL la

rostrlctart to them locauona whor~ tho tranavorao b~sm cro~

wctmn II round, Several vcrawrro of 0.D apace .rharqe codes have

hwn developod: a PIC rou~ne, MAPR01[21, ot CERN, and a

method Lhal repl-coe tho point.to.potnt Inter actlona with

lnt~ra~ ilona betwoon flnl~.sl~ed !phmcal rlouda[31, A

,Ilaadvant.sse of thc~ mothoda la Lhat they ●rs #enernllv very umo

consuming on ;ha romputar

ona method for ID lpaco.char~e cslculat~ona, d~velopd by

CCRN ●nd called MA PR02[21, war to repra~nt tho macroparticlo

dlatrlbution at each stop by ● con!lntinua Gawmn f nq. density

wlih ell!pamdal evmmetrv t’rom which the upace.chnrge olec!rtc,

Ilold compone~~u could ba :alcdatod by numorlcai Inmgratlon.

Although this approach leads to more rapid compu~tlo~, ‘he

rectrlctlon to a Gausman profile IS (n prlnclpie not compauble *lth

realiatlc diawlbutlons in Intense beama arid could l-ad , >

Inaccurate calculation ofspace.charge-induced eml LLance qro~!.h

[n thla paper we have qenerallzed the \[APR02 method :>

describe 3.D ellipamdsl charge densities of oLherwlse ~rblLrar.:

shapea. We WIII describe [ha method and then show comparisons

between our routine and other ●xmung rout]n=s,

[1. ELECTRIC FIELDS FOR AN ELLIPSOIDALB[ \~-H

For an ellipsoidal charge dlstrlbutlon, :he nar[,~!r !ens, [;

(number ofpartlcles percublc meter lean be expressed JS I I~rT,,.,,n

,ofa amgle generalized courdlnate t as

,’ ,’ ,’

1
allo)=a ~.-*—

.4 b’ ,’

where ● , b. and c are che rmadlmenalonat]f Lhe dlstribctl,]n, 11.d

,’ ,’ 1’
I ■ -*--—
, ,’ b’ c’

1,
.

deflnea the Isodenslty contours of ~hc dlatrlbutl,~n KIIIIJI. c :

dcflnoa a famllyofconcentrlc elllpcolds aa t, vartes Irnm I) ‘ ~ rip

advan~ge [~f Lhe o!lipamdal dtatrlbutlon IS Lhflt ~he dlcc[r:c I;,PI, I

componen~ ,,an b? expressed aa a w?tmhted \ntegr?l I.. ~r In+

partlcie. denalty d\sLFlbuclon. once the rmn dlm~nsl,}ns I, ? Inti

have been calculated, Lho value of the genernllzed :,J,]rdlnM”r.

can beobtalned for any cnordlnnles !, y, and z irom tq :1

The Lhreo componenU131 or Lhe @iecLrlc Iield. I’JWI1 ‘I’. I

dlatrlbutlon O( charg~ q“, can be mprtissed ,n Lerms )1 !h - tPn,, o’,,

ae

wherel =tlx,y,~,at = x: It: ● q)+y. h“- ~,-’.-.

nndanalogoua expreumna are valld for R ,tnd E, F,r ‘h- I-P II I

~pharlcal bunch, It Ie oaov to ~hnw tht L ml~gr:r[l,,tl ,.*I .

corresponds manlnmgrat lonovernll Lha,h~rca wi(hin I ‘n,lIIIi I

[f the particla dmreity la knuwn, Chcn l?, E In,l K Ill 11*

detarmmwl by numerical Itrtogratwn rhe lnl~urol ,)1 Eq 1 III I)-

mada numorlcally trtc~blo by changln~ to Q rww ~nr!nblc, I _\I, h

that

,.q:l) 41
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whered = Iabc] ‘ 9 is chosen equal co the gcometrlc mean oftha rma

beam SIZeO and IS ● scaling factor required to make the !n~egral

dimcrmonless and nwertcslly well behaved. The Integration

liml~ of the field Intebral ara then transformed lflLO 0 and 1. giving

ths followlng now expreamon for tho field:

In our treatment. the psrtlcle.density function, nlt~, WI1l bo

obtained from I ,dlstrlbutlon OF macro particles determined at a

given time, The mac.ropartlcle charge. q“, will be calculated from

q- = [/Nf, where [ M the avernqe curren L In smperes. f IS the bunch

frequency in hertz, ~nd N ,s Lhe total number ofmacroparclcles per

bunch. The repre4enLauon oftha macropartlcle charge density IS

described in Che l’ollo~lng section.

[[[. FOURIER DESCRIPTION OF THE MAC ROPARTICLE

CH.4RGE DE X.51TY

our assumption o[clllpso, dal svmmetry makee It nece~sarv to

describe the parclcle denwtv n(tol. (only for values between t, =0

and T, ~here T IY Lhe maximum L - valua /of the ,dmLrlbutlon

Eowever, if we artificially ●xtend the dgllnltlon ot’the function n(t, )

for t,- values between .T and 0 such that nit ) = mt I, then ret))

becomes an even functwn about t, =0 The denmty can ~hercforc b.

described aJ a Fourier sermc expan~~on of th~ form

w here

‘s)

101

EquaLlon(?l can then be approximated asir surnmaL:)n ;,er ,,1 ~ -

particles by

‘t ■ +:,’:”+

This method of descr~b~nq the particle densltv results n j

qmoothdlstrlbutlon Lhac can represent an arb~trary iensll.; pr,;!i!e

(either hollow or peakddl with ellipsoidal symmetry

[V, NUMERICAL NMUGTION RESULTS

.+ general purpose 3.9 space .charge routine SC3DELPI

based on che analyrlc expressions given earlier. was ~r[tten and

incorporated into the beam dynnnilcs code. P.AR\ll LA. \ 10 rmint

GaWlan numerical Incegraclon was used to de:ermlne ~he +Ieccr:c

Iieldcompo nenta from Eq(5~ Allve. term l?= I [u 51 F ,,lrl~r $er+s

expanmon was ueed w represent the rlacroptirt~cle ~?nsltv F.ti,~rP

1 shows boLh the actual charge densltv (or a 10UI) mocr, me:-., :@

Input dmtrlbutlon and the Fourier-qerles represen(a~i,~r, I jr

comparison, T IS 9 86 for chls dlsLr~butwn.
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Fig, ~ - ,Acnmparmono flhecharg?denslcy for a 1000 m~crmr)ar!.icl?
input dlrtrlbutlon ldo Lted polntal ~nd a .S.(erm Fourier terl~s
represenmtlon isolld Ilnel

rwo cumparlaonc wera made b~cwmn the Prwi!cti,)ns )1

SC30@ !.P tnd othe- space.charge rouLlne& First, ~ olmpnr’w)n II

renult. n ●mlttance growth of a~ e~pandlng ~pherlc~l uuncnl 4

WE8 made, \ Gausatan aphcrlcal Input dlstrlbutlon ‘runcutrd
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a 350. WHZ. 3 u 35 Mev DTL ~ncorporatmg a FOIWDODO

quadrupol.. focumng scheme [nput current was varied 150.250

rnAI for fixed input emlt~ncw. Figure 2 shows :he transverse and

lon~tudinal emitunces umng both the 2.D routine, 5CHEFF, and

our method. SC3DELP. for I = 125 rm4. .Agam, we obwrwe that the

two methods gtve comparable reaul~; the largest observed

discrepancy m about 28%. The advanmge of SC3DELP over

SCHEFF IS that it can also be used m 9!tuaLlons where the

[runsverw beam profile M noc round. A space. charge cnlculauon

was m~de once per DTL cell, A 20 1401 lIILerVIll :adial

(lon~tudlnal) mesh of O 05-cm stap size was used in the 2-D

calculations. SC3DELP, again, uarl a t.term Fourier

reprwentatlon of the charge denmty, lncrewmg the number of

Foumer mrms ( 1= !OI had no apparent eflect.

Tlble I

Emittance grow-th resul~ for an expsndingsphertcal bunch

fmm simulations
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IJ. DI

1 13
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1 66

\ rougn comparison of computer CPU time was also made. A-

expected. the required CPU LIMe Increased linearly with the

number ol’macropartlclea tor a fixed number of Fo~,rler cerma used,

Our J.D method was 2 5 tlmus slower thnn the 2D c~lculatlon for

mn ~qual number of space .charge calculations, The J.D point.by.

pOlnL l’fllc’ulatmn wns approximately 15 time- slower than our

Inethod
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